Introduction and Main Results
We use to denote the open complex plane, ∪ {∞} to denote the extended complex plane, and D to denote a domain in . With renewed interest in normal families of analytic and meromorphic functions in plane domains, mainly because of their role in complex dynamics, it has become quite interesting to talk about normal families in their own right.
We will be concerned with the analytic maps i.e., meromorphic functions In 1959, Hayman 16 proved that let f be a meromorphic function in , if f − af n / b, where n is a positive integer and a, b are two finite complex numbers such that n ≥ 5 and a / 0, then f is a constant. On the other hand, Mues 17 showed that for n 3, 4 the conclusion is not valid.
The following theorem which confirmed a Hayman's well-known conjecture about normal families in 18 . In 1994, Ye 19 considered a similar problem and obtained that if f is a transcendental meromorphic function and a is a nonzero finite complex number, then f a f n assumes every finite complex value infinitely often for n ≥ 3. Ye 19 also asked whether the conclusion remains valid for n 2. Here we will generalize above results by allowing f z a f z n − b to have zeros.
For the sake of convenience, we give the following notations:
E denotes the number of the elements in the set E. 
Corollary 1.8. Let F be a family of meromorphic functions in D, all of whose zeros are multiple and let n (n ≥ 2) be an integer, and let a, b be two nonzero finite complex numbers. If, for each f ∈ F, there exists a positive constant
M such that |f z | ≥ M whenever z ∈ E F, n , then F is normal in D.
Preliminary Lemmas
In order to prove our theorems, we need the following lemmas.
First, we need the following well-known Pang-Zalcman lemma, which is the local version of 10, 24 . In Lemma 2.1, the order of g is defined by using the Nevanlinna's characteristic function T r, g : 
where A is a nonzero constant. Since all zeros of f k z are multiple, we find
For simplicity, we denote
where P z and Q z are coprime polynomials of degree M, N, respectively, in 2.3 . Since f k z − b has just a zero z 0 , from 2.3 we obtain
By b / 0, we deduce z 0 / α i i 1, . . . , s , where B is a nonzero constant. From 2.3 , we get
where g 1 z is polynomial of degree at most s t − 1. Differentiating 2.5 yields
where 
Which is a contradiction since k ≥ 2. 
this is impossible for k ≥ 2.
By Nevanlinna's second fundamental theorem, we have
2.10
It follows that T r, f k S r, f k , a contradiction.
The proof of Lemma 2.4 is complete.
Example 2.5. Take
Remark 2.6. By a simple computation, for k b 2, we deduce f z − 2 has only one zero at z −3/4. Example 2.5 shows that the condition all of zeros of f k z are the multiple seems not to be omitted. 
T r, g S r, g .
2.12
It follows that T r, g S r, g , a contradiction. Assume, to the contrary, that g z n − c has exactly one zero z 0 .
If g z is a nonconstant polynomial, then we set 
2.13
So we obtain c k − c j P z B ≡ A z − z 0 n , 2.14 for some nonconstant polynomial P z with P z 0 / 0. Then c 0 P z B ≡ A z − z 0 n , where
Observing that g has only multiple poles, and by 2.13 , we obtain P z has multiple zeros and P z 0 / 0. Putting z 0 into 2.15 , we get that P z 0 0, which is a contradiction. The proof of Lemma 2.7 is complete.
Proof of Theorems
Proof of Theorem 1.2. We may assume that D {|z| < 1}. Suppose that F is not normal in D. Without loss of generality, we assume that F is not normal at z 0 0. Then, by Lemma 2.1, there are a sequence of complex numbers z j , z j → 0 j → ∞ ; a sequence of functions f j ∈ F; and a sequence of positive numbers ρ j → 0 such that g j ξ ρ 
